
ABSTRACT

PARKER, ALAN. Linear Predictive Coding with Multi-Pulse Excitation.

(Under the direction of J.B. O’Neal, Jr.)

Linear Predictive Coding has been a widely used technique in speech

processing. This dissertation analyzes a Linear Predictive Coding scheme

with an excitation set consisting of multiple impulses. Equations are

derived for the location and amplitude of the pulse excitations as

well as the prediction coefficients used in the all-pole filter. The

equations for the prediction coefficients are uncoupled from the input

gain. The solution of the equations is guaranteed to minimize a total

mean square error. Using these equations an iterative algorithm is

presented which converges to a stationary point of the total error

function. The algorithm is tested for data generated by a multi-pulse

model and is able to detect all the underlying parameters of this model.

Finally, the algorithm is used in synthetic speech production. The

results indicate an improved performance over standard LPC.
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1 INTRODUCTION

1.1 Background

Production of speech at low bit rates has been of considerable

interest in speech research. The bit rates required for different

qualities of speech is summarized in Fig. 1.1 [1]. At the low end

one of the most powerful techniques to date has been that of Linear

Predictive Coding (LPC). It is capable of producing intelligible speech

at bit rates of 4.8 kBits and below. It measures specific correlation

parameters of a speech segment and uses these parameters in a model

to synthesize the speech waveform. It is known that by increasing

the bit rate for LPC that dramatic improvement of speech quality is

not obtained. Atal [2] has suggested that the reason for this is the

highly inflexible way present day LPC systems are excited. Presently,

LPC systems use one impulse per pitch period to excite the filter.

This was under the assumption that there existed only one excitation

during each pitch period. Holmes [12] has demonstrated the possibility

of more than one excitation during a pitch period; that is, before

and after glottal closure. In doing so, Holmes has given the physical

basis for a multi-pulse excitation LPC system. This implies that by

increasing the bit rate (to describe more excitations and gains) an

improved speech quality over standard LPC can be obtained while still

maintaining low bit rates. Fig. 1.2 shows a multi-pulse model for LPC.

The filter coefficients for multi-pulse are not the same as for standard

LPC. These coefficients need to be derived based on the multi-pulse
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Figure 1.2 A Multi-Pulse Model for LPC

model and the minimization of some error. Singhal and Atal [15] derive

a set of filter coefficients for the multi-pulse case; however, these

coefficients are coupled with the input gain and are not guaranteed to

yield a minimization of the mean-squared error. Atal and Singhal [15]

have demonstrated that synthetic speech generated with a multi-pulse

model results in a significantly improved speech quality over standard
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LPC. Atal [2] derives the pulse positions using an analysis-by-synthesis

method of sequential impulse extraction. In this research, an improved

set of reflection coefficients is obtained which are guaranteed to

minimize a mean-squared error. Also, a mathematical derivation for the

optimal pulse locations is presented. In summary for multi-pulse the

parameters to be determined are

• Pulse Positions

• Pulse Amplitudes

• Reflection Coefficients

Multi-Pulse will in general have the following properties

• A higher bit rate than LPC

• An improved quality over LPC

• No voice switch as in LPC

• No pitch detector as in LPC

1.2 Review of Research Methodology

The principles of LPC are reviewed in Chapter 2. Also discussed

are the problems of synthetic speech production as they relate to

multi-pulse and LPC.

In Chapter 3 multi-pulse LPC is discussed. Included is a new model

for speech production along with the derivation of the pulse locations,

amplitudes and reflection coefficients for this model. Chapter three is

also concerned with frequency-weighted error.
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Chapter 4 presents the multi-pulse algorithm and goes through an

example of it in detail. Convergence of the algorithm is also discussed.

In Chapter 5 simulations using the multi-pulse algorithm are performed.

Multi-pulse data is generated and the algorithm is used to detect the

parameters of the generating model. Also the robustness of the algorithm

is tested as noise is added to both the input and output data.

Synthetic speech production is presented in Chapter 6. The LPC and

multi-pulse predictors are compared when given real speech data. The

bit rate for standard LPC and multi-pulse are derived. A new algorithm

for transmitting the pulse positions is presented. This algorithm

is compared in bit rate with the theoretically best algorithm. In

addition the LPC distance measure is introduced as a comparison between

multi-pulse and LPC.

Chapter 7 summarizes the results of the multi-pulse algorithm.

Possible future applications of multi-pulse are discussed. Included in

these are applications to seismic processing, speech recognition, and

echo cancellation.

Presented in the appendix is the derivation of the reflection

coefficients for the case where the pulse positions and amplitudes are

known. The program written in the C programming language which was

used to calculate the multi-pulse parameters is presented. Finally, the

convergence of the algorithm for the general case is given.
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2 LINEAR PREDICTIVE CODING

2.1 Introduction

Linear predictive coding has been a widely used technique in speech

analysis and synthesis. Its power lies in its ability to provide

accurate estimates of the speech parameters such as pitch, formants,

and spectra. In the production of synthetic speech LPC introduces a

mechanical quality or warble into the received speech. This may be due

to the inaccurate way the LPC is excited. An idealized model for LPC is

shown in Fig. 2.1. The excitation for LPC generally consists of white

noise for unvoiced sections of speech and a quasi-impulse train for

voiced sections of speech. The voiced-unvoiced switch is set into one

position depending on the section of speech to be synthesized. An example

of voiced and unvoiced speech is shown in Fig. 2.2. The reflection

coefficients determine the behavior of the LPC synthesizer.

This chapter presents only those principles of LPC that will be

used in comparison to multi-pulse. A complete discussion of LPC along

with the assumptions involved in its derivation can be found in the

references [3-11].

2.2 Principles of LPC

The filter representing all the effects of the vocal tract can be

written as [8]

H(z) = G

1 −
p∑

k=1
akz−k

(2.1)
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This yields the difference equation

s(n) =
p∑

k=1
aks(n− k) +Gu(n) (2.2)

where u(n) is the excitation. LPC assumes that during voiced sections of

speech there is only one excitation per pitch period. If this is true

then (2.2) can be written as

s(n) =
p∑

k=1
aks(n− k) +Gδ(n) 1 ≤ n ≤ N (2.3)

where N is the block size. To obtain LPC parameters the estimate

ŝ(n) =
p∑

k=1
αks(n− k) (2.4)

is formed. The αk’s are chosen to minimize

E =
N∑

k=1
e2(k) (2.5)

with

e(n) = s(n) − ŝ(n) = s(n) −
p∑

k=1
αks(n− k) (2.6)

Taking

∂E

∂αj

= 0 (2.7)

and defining

ϕ(i, k) =
N∑

m=1
s(m− i)s(m− k) (2.8)
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Standard matrix techniques produce [7]

p∑
k=1

αkϕ(i, k) = ϕ(i, 0) (2.9)

or in matrix notation

Φα⃗ = ψ (2.10)

Φ is a p×p matrix containing elements ϕ(i, k) and ψ is a vector containing

elements ϕ(i, 0). It should be noted that equation (2.10) is a useful

equation if there is only one excitation per pitch period and it can

be accurately estimated. Otherwise, equation (2.4) will not be a good

estimator. The solution of equation (2.10) can be done efficiently using

the Cholesky Decomposition Technique [8] used in the next section. The

procedure used in this section to determine the αi’s is known as the

covariance method. The three basic methods of LPC analysis are

1. The covariance method

2. The autocorrelation method

3. The lattice method

These methods are thoroughly discussed in the literature [9,10,11].

2.3 Solution for the Covariance Method

To solve equation (2.10) one must use the fact that when Φ is

invertible it is positive definite [8]. Then Φ can be written as

Φ = ABAT (3.1)
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with A a lower triangular matrix. It follows that

Aijbj = ϕ(i, j) −
i−1∑
k=1

AikbkAjk 1 ≤ j ≤ i− 1 (3.2)

and

bi = ϕ(i, i) −
i−1∑
k=1

A2
ikbk i ≥ 2 (3.3)

with initial condition

b1 = ϕ(1, 1) (3.4)

where ϕ is defined by equation (2.8). Once the b’s and a’s are obtained

and noting that

Φα⃗ = ABAT α⃗ = Ψ (3.5)

letting

X = BAT α⃗ (3.6)

then

AX = Ψ (3.7)

and

AT α⃗ = B−1X (3.8)
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From (3.7) one obtains

Xi = ψi −
i−1∑
j=1

AijXj 2 ≤ i ≤ p (3.9)

with initial condition

X1 = ψ1 (3.10)

and from (3.8) one obtains

αi = Xi/Bi −
p∑

j=i+1
Ajiαj 1 ≤ i ≤ p− 1 (3.11)

with initial condition

αp = Xp/Bp (3.12)

After solving equations (3.2), (3.3) and (3.4) for B and A one uses

equations (3.9) and (3.10) to determine X and then the α’s follow from

equations (3.11) and (3.12).

2.4 Synthetic Speech Production using LPC

One possible use of LPC is in the production of synthetic speech. A

model of LPC speech production is shown in Fig. 2.3

During voiced sections of speech the output of the filter is given as

ŝ(n) =
p∑

i=1
αiŝ(n− i) (4.1)

Hence, in synthetic speech production the error is
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es(n) = s(n) − ŝ(n) = s(n) −
p∑

i=1
αiŝ(n− i) (4.2)

One needs to recall that the α’s are not chosen to minimize

Es =
N∑

n=1
e2

s(n) (4.3)

but to minimize

E =
N∑

n=1
e2(n) (4.4)
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with

e(n) = s(n) −
p∑

i=1
αis(n− i) (4.5)

So the α’s are not chosen optimally for synthetic speech production.

Minimization of equation (4.3) would result in the following equation

for the α’s

N∑
n=1

s(n)ŝ(n− k) =
p∑

i=1

N∑
n=1

αiŝ(n− i)ŝ(n− k) (4.6)

It is not clear that the α’s can be determined from equation (4.6) since

ŝ(n) is not known and depends on the α’s. This is one of the reasons that

the error in equation (4.4) is minimized. So the α’s are chosen to give

the best (mean-square) prediction estimate

ŝ(n) =
p∑

i=1
αis(n− i) (4.7)

At the receiver these α’s are used in

ŝ(n) =
p∑

i=1
αiŝ(n− i) (4.8)

Now

ŝ(n) = s(n) − e(n) (4.9)

so at the receiver one gets

ŝ(n) =
p∑

i=1
αi[s(n− i) − e(n− i)] (4.10)
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which can be written as

ŝ(n) =
p∑

i=1
αis(n− i) −

p∑
i=1

αie(n− i) (4.11)

so the synthetic speech is the prediction estimate (for which the α’s

are optimized) plus an autoregressive error sequence given by

e(n) = −
p∑

i=1
αie(n− i) (4.12)

Because of equation (4.12) it is important that the LPC parameters are

chosen to be stable. If the α’s do not result in a stable filter then a

small initial error sequence could result in a very large error. That

is, the impulse response can be a positive exponential for an unstable

filter. The stability of the α’s needs to be tested. The transfer

function of the all-pole filter is

[H(z)]−1 = 1 −
p∑

i=1
αiz

−i (4.13)

which can be written as

[H(z)]−1 = (1 − z−1s1)(1 − z−1s2) · · · (1 − z−1sp) (4.14)

where si is in general complex. For stability

|si| < 1 1 ≤ i ≤ p (4.15)

An efficient test for stability [10] in terms of the α’s is as follows.

Form the sequence ki
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ki = α
(i)
i

α
(i−1)
j =

α
(i)
j + α

(i)
i α

(i)
i−j

1 − k2
i

1 ≤ j ≤ i− 1
(4.16)

where i = p, p − 1, . . . , 1. Initially, α
(p)
j = αj. The test for stability is

then given by

|ki| < 1 i = 1, . . . , p (4.17)

Also, in practice, the α’s should not be transmitted over the channel[8].

The reason for this is if the α’s are a stable set then in many cases the

quantized version Q[α] does not form a stable set. In other words, small

fluctuations in the α’s can result in large fluctuations in the pole

locations. Generally, the ki’s are transmitted as defined by equation

(4.16) since after quantization the ki’s will still result in a stable

filter.

2.5 Conclusion

The technique of LPC has been presented in this chapter. The

covariance equations were derived and an efficient means of solving them

was presented. The next chapter deals with a new model for a multi-pulse

excitation LPC.
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3 DERIVATION OF MULTI-PULSE LPC

3.1 Introduction

As mentioned in the first chapter one of the reasons that present day

LPC systems sound so mechanical may be because of the lack of a more

sophisticated excitation set. One promising approach to the enhancement

of low bit rate speech is reformulating the excitation in LPC as multiple

impulses per block rather than one impulse per pitch period. Previous

researchers have examined the multiple-pulse excitation problem by

sequential impulse extraction [2,15]. That is, over a fixed block of

speech the best single impulse excitation location (and amplitude) is

found, then the best second impulse excitation is found conditioned on

the first ,etc... until the final Nth excitation conditioned on the

N − 1 others is found. However, this method does not necessarily result

in the optimal set of N impulses (i.e., that which produces the lowest

mean square error between the actual and the modelled speech) since the

introduction of succeeding excitations could alter the optimal location

of the previously calculated impulses.

In this chapter a new method is presented for simultaneously

extracting the optimal N impulse excitation locations and amplitudes

from a given block of speech. This avoids the iterative recursions of

the sequential approach previously considered. This method is similar to

that of Jain [19] in that it uses the prediction residual to determine

the pulse locations; however, in this work the pulse locations are chosen
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to minimize a total mean-square error which, to the author’s knowledge,

is not the case in Jain’s work. Another difference is in the solution

for the prediction coefficients. Jain uses the prediction coefficients

given by equation (9.1.7) while this work uses those in equation (4.8).

The method of multi-pulse used in this chapter is similar to pole-zero

estimation. The multi-pulse algorithm estimates an all-pole filter and

an input sequence (where zeros may or may not be present). The major

difference between the two approaches is the assumption made on the input

sequence. Typically, in pole-zero estimation [25,26,27,28] the input is

assumed to be white noise or periodic impulses. In the multi-pulse case

the input is assumed to be any sequence which is only non-zero at I

points. The parameter I is discussed in later chapters. The next section

presents the multi-pulse model.

3.2 The Multi-Pulse Model

Assume speech can be modelled as

s(n) =
p∑

i=1
ais(n− i) + x(n) + u(n) 1 ≤ n ≤ N (2.1)

where s(n) is the speech sample at time n, x(n) is the excitation; ai,

1 ≤ i ≤ p are the prediction coefficients and u(n) is assumed to be white.

The multi-pulse model will attempt to replicate this model and is given

as

ŝ(n) =
p∑

i=1
αis(n− i) + x̂(n) (2.2)

where ŝ(n) is the approximation of s(n); αi, 1 ≤ i ≤ p, are the estimates
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of the ai and x̂(n) is an estimate of x(n). From this an error sequence is

defined as the actual speech value minus the predicted speech sample

e(n) = s(n) − ŝ(n)

or

e(n) = s(n) −
p∑

i=1
αis(n− i) − x̂(n), 1 ≤ n ≤ N

(2.3)

The error to be minimized will be over the block of length N. The total

error E will be defined as

E =
N∑

k=1
e2(k) (2.4)

In the multi-pulse model the input (excitation) will consist of I

impulses over the block of length N. These impulses will have amplitude

and positions given by

x̂(n) =
I∑

i=1
biδ(n− pi)


1 ≤ n ≤ N

1 ≤ pi ≤ N

(2.5)

where bi is the amplitude of the ith impulse and pi is its position. The

discrete delta function is defined as

δ(k) =


1, k = 0

0 otherwise

The error sequence can then be written as

e(n) = s(n) −
p∑

i=1
αis(n− i) −

I∑
i=1

biδ(n− pi) (2.6)
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3.3 Derivation of the Pulse Locations and Amplitudes

This section will give a mathematical derivation of the pulse

positions. The error chosen to minimize was

E =
N∑

n=1
e2(n) (3.1)

with e(n) given as

e(n) = s(n) −
p∑

i=1
αis(n− i) −

I∑
j=1

bjδ(n− pj) (3.2)

The parameters αi, bj, and pj are defined in the previous section. The

prediction residual, f(n), is defined as

f(n) = s(n) −
p∑

i=1
αis(n− i) (3.3)

For optimality,

∂E

∂bj

= 0 (3.4)

This results in

N∑
n=1

e(n)∂e(n)
∂bj

= 0 (3.5)

Using equation (3.2) one obtains

∂e(n)
∂bj

= −δ(n− pj) (3.6)

Equations (3.6) and (3.5) result in



19

N∑
n=1

e(n)δ(n− pj) = 0 (3.7)

Evaluating the summation yields

e(pj) = 0 (3.8)

From equations (3.3) and (3.2) it can be seen that

e(pj) = f(pj) − bj (3.9)

Hence, equation (3.8) becomes

bj = f(pj) (3.10)

Using equations (3.1), (3.2), and (3.10) the total error E can be written

as

E =
N∑

n=1
[ f(n) −

I∑
j=1

f(pj)δ(n− pj) ]2 (3.11)

If for the moment the reflection coefficients are fixed then the error

defined by equation (3.11) can be thought of as a function of the

pulse positions p1, p2, . . . , pI. If the pulse positions p1, . . . , pI actually

corresponded to the optimal pulse locations then

E(p1, p2, . . . , pI) ≤ E(s1, s2, . . . , sI) (3.12)

where s1, s2, . . . , sI correspond to any pulse positions. In particular, let
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us move the pulse at position p1 to a new position (where there is not a

pulse already) p1 + ℓ. Then equation (3.12) would become

E(p1, p2, . . . , pI) ≤ E(p1 + ℓ, p2, . . . , pI) (3.13)

with

pj ̸= p1 + ℓ j = 2, . . . , I (3.14)

Rewriting equation (3.13) using equation (3.11) one obtains

N∑
n=1

[ f(n) −
I∑

j=2
f(pj)δ(n− pj) − f(p1)δ(n− p1) ]2

≤
N∑

n=1
[ f(n) −

I∑
j=2

f(pj)δ(n− pj) − f(p1 + ℓ)δ(n− p1 − ℓ) ]2
(3.15)

defining

X(n) = f(n) −
I∑

j=2
f(pj)δ(n− pj)

then equation (3.15) can be written as

N∑
n=1

[X(n) − f(p1)δ(n− p1) ]2

≤
N∑

n=1
[X(n) − f(p1 + ℓ)δ(n− p1 − ℓ) ]2

(3.16)

squaring both sides and noting that

X(p1) = f(p1)

and

X(p1 + ℓ) = f(p1 + ℓ)
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one obtains

f 2(p1) ≥ f 2(p1 + ℓ)

which is

|f(p1)| ≥ |f(p1 + ℓ)| (3.17)

Equation (3.17) is the equation for determining the pulse positions. If

a pulse is at an optimal position p1 and there is no pulse at position

p1 + ℓ then this equation must hold.

The function f(n) determines the optimal locations and amplitudes of

the pulses. The procedure is demonstrated as follows:

Graph the function |f(n)| for 1 ≤ n ≤ N. In this example four

impulses will be used (I = 4). The block length will be eleven

(N = 11). Fig. 3.1 shows the function that will be used in this

example.

The first impulse is to be located at position 5 where |f(n)| is a maximum.

It will have f(5) = ±6. The second and third impulse are to be located

at positions six and eight respectively where the function achieves its

next largest value. The fourth impulse can be located at position 4, 7,

9 or 10 and the reduction in the error will be the same. For LPC the

error is
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f(n)

n
1 2 3 4 5 6 7 8 9 10 11

Figure 3.1 Function for calculating impulse locations

N∑
k=1

e2(k) =
11∑

k=1
f 2(k) =

11∑
k=1

|f(k)|2 =

4 + 4 + 1 + 16 + 36 + 25 + 16 + 25 + 16 + 16 + 4 = 163

For multi-pulse the error is

N∑
k=1

e2(k) −
I∑

i=1
b2

i = 4 + 4 + 1 + 16 + 16 + 16 + 4 = 61

In conclusion, once you have obtained the function |f(n)| the pulse

locations and amplitudes follow from it. It is important to note that

|f(n)| is dependent on the αi’s. The above procedure is only valid once

the αi’s are known. The procedure to determine the αi’s is discussed in

the next section.
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3.4 Derivation of the Prediction Coefficients for the Multi-Pulse Case

As in the derivation of the pulse locations and amplitudes the

prediction coefficients will be chosen so that the total error (2.4) is

minimized. To minimize E with respect to αn we take the partial

∂E

∂αn

= 0, n = 1, . . . , p

This results in

N∑
k=1

(
s(k) −

p∑
i=1

αis(k − i) −
I∑

j=1
bjδ(k − pj)

)
s(k − n) = 0 n = 1, . . . , p

or

N∑
k=1

s(k)s(k − n) −
N∑

k=1

p∑
i=1

αis(k − i)s(k − n) −
I∑

j=1
bjs(pj − n) = 0 (4.1)

where the δ function has been removed. Now by replacing bj in (4.1) by

its optimal value from the previous section one can write (4.1) as

N∑
k=1

k ̸=p1,...,pI

s(k)s(k−n) =
N∑

k=1
k ̸=p1,...,pI

p∑
i=1

αis(k− i)s(k−n) n = 1, . . . , p (4.2)

Standard LPC yields

N∑
k=1

s(k)s(k − n) =
N∑

k=1

p∑
i=1

αis(k − i)s(k − n) n = 1, . . . , p (4.3)

which is the same as (4.2) without the restriction on the k’s. Defining

ϕ(i, k) =
N∑

n=1
s(n− i)s(n− k)

one can write (4.3) as
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ϕ(n, 0) =
p∑

i=1
αiϕ(n, i) n = 1, . . . , p (4.4)

or in matrix notation Φα⃗ = Ψ where Φ is positive semi-definite (all its

eigenvalues are greater than or equal to zero). So when Φ is invertible

one obtains

α⃗LP C = Φ−1ψ (4.5)

Likewise for multi-pulse one can define

Φ′(i, k) =
N∑

n=1
n̸=p1,...pI

s(n− i)s(n− k) (4.6)

and (4.2) can be written as

Φ′(n, 0) =
p∑

i=1
αiΦ′(n, i) n = 1, . . . , p (4.7)

or in matrix notation Φ′α⃗ = Ψ′ and for multi-pulse

α⃗MP = Φ′−1Ψ′ (4.8)

when Φ′ is invertible. The next section will show that Φ′ is positive

semi-definite as Φ is in LPC.

3.5 The Multi-Pulse Matrix Φ′

To show that a matrix is positive semi-definite one must show its

eigenvalues λ are greater than or equal to zero. Let λ be an eigenvalue

of Φ′ then there exists an x ̸= 0 such that
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Φ′x = λx

it follows that

xT Φ′x = xTλx = λxTx

or

λ = xT Φ′x

xTx

hence

(λ ≥ 0) ⇔ (xT Φ′x ≥ 0)

It will be shown that xT Φ′x ≥ 0 for all x hence all eigenvalues are

non-negative. Let

xT = [x1, x2, . . . , xp]

xT Φ′x =
p∑

i=1

p∑
j=1

xixjΦ′(i, j)

xT Φ′x =
p∑

i=1

p∑
j=1

xixj{
N∑

m=1
m̸=p1,...pI

s(m− i)s(m− j)} (5.1)

Consider

(x1s(m− 1) + x2s(m− 2) + . . .+ xps(m− p))2 ≥ 0
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This can be written as

p∑
i=1

p∑
j=1

xixjs(m− i)s(m− j) ≥ 0 (5.2)

and it follows immediately from this relationship that (5.1) is greater

than or equal to zero. This proves that Φ′ is positive semi-definite. This

is important because it implies when Φ′ is invertible the coefficients

obtained by (4.8) correspond to a minimum of the error function for

those pulse positions p1, . . . , pI. This is demonstrated in 4.3. The next

section derives the multi-pulse coefficients in a different manner.

3.6 Alternate Derivation of the Multi-Pulse Coefficients

Equation (4.2) will be derived using a different method which will

give an interpretation of its meaning. Let us assume one is using the

LPC process where the prediction estimate is

ŝ(n) =
p∑

i=1
αis(n− i) (6.1)

and the αi’s need to be chosen to minimize a particular error. For LPC

the error is

E =
N∑

n=1
e2(n) (6.2)

with

e(n) = s(n) − ŝ(n) (6.3)
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Now for the moment let us assume that one is not concerned with the error

at I particular positions and therefore defines an error to be minimized

as

EM =
N∑

n=1
n̸=p1,p2,...,pI

e2(n) (6.4)

with e(n) as in equation (6.3) or

e(n) = s(n) −
p∑

i=1
αis(n− i) (6.5)

Taking the appropriate partial and setting it equal to zero one obtains

N∑
k=1

k ̸=p1,...pI

s(k)s(k− n) =
N∑

k=1
k ̸=p1,...pI

p∑
i=1

αis(k− i)s(k− n) n = 1, . . . , p (6.6)

which is identical to equation (4.2). So the multi-pulse coefficients are

the LPC coefficients where one is not concerned with how large the error

function is at positions p1, p2, . . . , pI. These multi-pulse coefficients do

not attempt to predict the speech at those positions. The error defined

by equation (6.4) is a specific case of a time-domain weighted error

which in general could be written as

E =
N∑

n=1
e2(n)w(n) (6.7)

From equation (6.7)

∂E

∂αj

=
N∑

n=1

∂

∂αj

[e2(n)w(n)] (6.8)
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=
N∑

n=1
[ 2e(n)∂e(n)

∂αj

· w(n) + e2(n)∂w(n)
∂αj

]

The window w(n) will be a function of the positions only as given in

(6.11). Throughout this dissertation, the pulse positions and prediction

coefficients will be treated as independent variables; that is, when one

is calculating the prediction coefficients the pulse positions will be

fixed and when one is calculating the pulse positions the prediction

coefficients will be fixed. Then, it follows that

∂w(n)
∂αj

= 0 (6.9)

Setting the partial in equation (6.8) to zero and using equation (6.9)

one obtains

N∑
k=1

s(k)s(k − n)w(k) =
N∑

k=1

p∑
i=1

αis(k − i)s(k − n)w(k) n = 1, . . . , p

(6.10)

where for the multi-pulse the particular error weighting can be seen to

be

w(n) =


0 n = p1, p2, . . . , pI

1 otherwise
(6.11)

In summary, multi-pulse can be seen to be equivalent to standard LPC

where the error is weighted in a particular fashion in the time domain.

The above statement only applies to the solution of the reflection
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coefficients for multi-pulse. The next section is concerned with

frequency-weighted mean square error.

3.7 Frequency-Weighted Error

Equation (4.2) for the reflection coefficients has been derived

by minimizing a mean square error. Many applications call for the

minimization of a frequency-weighted mean square error. The general

multi-pulse equations will be derived for a particular class of frequency

weighted filters. A block diagram of the standard multipulse set-up is

shown in Fig. 3.2

x(n)

ALL
POLE
FILTER

αi

s(n)

+
-

^
s(n)

e(n)

minimize

N

Σ
n=1

e2(n)

Figure 3.2 The Multi-Pulse Model

In Fig. 3.2 the error e(n) is squared, summed and then minimized. If a

frequency weighted filter is used then the set-up would be as shown in

Fig. 3.3. In this figure eT (n) is the weighted error sequence. The new
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x(n) ALL
POLE
FILTER

αi

^
s(n)

^
s(n)

e(n) ERROR
WEIGHTING

eT(n)

Figure 3.3 Multi-Pulse with Frequency-Weighted Error

problem is to minimize

ET =
N∑

n=1
e2

T (n) (7.1)

where

eT (n) = e(n) ∗ h(n) (7.2)

and h(n) is the impulse response of the frequency-weighted filter. Fig.

3.3 is equivalent to Fig. 3.4. Now, if the cascade of the all-pole filter

and the frequency-weighted filter resulted in a new all-pole filter then

Fig. 3.4 would become as shown in Fig. 3.5. The restriction that the

combination of the LPC all-pole filter and the frequency-weighted filter

result in an all-pole filter is not an excessive one. In fact, in the

literature [2] one of the most frequent frequency-weighted filter used

is



31

x(n) ALL
POLE
FILTER

αi

e(n) ERROR
WEIGHTING

^
sT(n)

eT(n)

sT(n)

ERROR
WEIGHTING

s(n)

Figure 3.4 Alternate Form for Figure 3.3

W (z) = [ 1 −
p∑

k=1
αkz

−k ]/[ 1 −
p∑

k=1
αkγ

kz−k ] (7.3)

where γ is a number between zero and one. γ determines how one wants to

de-emphasize the formant regions in the error spectrum. It can easily be

seen from equation (7.3) that if this filter is used then the cascade

will result in an all-pole filter. Now eT (n) can be minimized by using

the multi-pulse equations on sT (n). After all, the multi-pulse algorithm

will be able to determine the best impulsive excitation and all-pole

filter to match a specific set of data.

3.8 Conclusion
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This chapter develops a procedure for determining the optimal pulse

locations and amplitudes for a given set of prediction coefficients. It

avoids the previously used methods of sequential impulse extraction as

it locates all positions and amplitudes globally once the prediction

coefficients are obtained. In addition, for a given set of locations

the equations for the prediction coefficients are given. The multi-pulse

equations are put in a form which can be compared with the covariance

equations of standard LPC. These results will be the basis of a

proposed algorithm discussed in the next chapter. Also discussed was

the solution to a minimization of a frequency-weighted mean square

error for multi-pulse data. The next chapter presents an algorithm which

locates the multi-pulse positions and determines the coefficients by the

equations derived in this chapter.

x(n) ALL

POLE

FILTER

αT
i

- eT(n)

ERROR

WEIGHTING

sT(n)

s(n)

Figure 3.5 Frequency-Weighted Multi-Pulse Diagram
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4 THE MULTI-PULSE ALGORITHM

4.1 Introduction

This chapter presents a multi-pulse algorithm using the results of

the previous chapter. The algorithm is shown to monotonically decrease

the error at each stage. Convergence is discussed and the algorithm is

tested on true multi-pulse data.

4.2 The Multi-Pulse Algorithm

The algorithm for finding the reflection coefficients, pulse

locations and pulse amplitudes is as follows:

1. Given the speech s(n), 1 ≤ n ≤ N obtain αLP C from (3.4.5).

2. Using these αi’s calculate the pulse positions by using the

method discussed in 3.3.

3. Using these pulse positions calculate new αi’s using (3.4.8)

4. Continue? yes: go to 2

no: stop.
The criterion for stopping at step 4 depends on the application. The

next section demonstrates when the algorithm has converged.

4.3 Convergence of the Algorithm

This section defines convergence for the algorithm. Conditions on

the speech segment are given which guarantee its convergence. Before

convergence is defined a few preliminary definitions are introduced.
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• α⃗j = (α1, . . . , αp)j = the alphas at iteration j of the algorithm.

• p⃗j = (p1, . . . , pI)j = the positions at iteration j of the algorithm.

• E(α⃗j, p⃗j) = the total error at iteration j of the algorithm.

E(α⃗j, p⃗j) =
N∑

n=1
n̸=p1,...,pI

(
s(n) −

p∑
i=1

αis(n− i)
)2

where the positions and α’s are from the vector p⃗j and α⃗j

respectively.

Iteration j is defined to mean that both step two and step three of

the algorithm have taken place j times as shown in Fig. 4.1. Complete

convergence of the algorithm is defined as follows

• The error sequence converges, i.e.

lim
j→∞

E(α⃗j, p⃗j) = E0.

• The α’s converge

lim
j→∞

α⃗j = α⃗0

• The position vector converges

lim
j→∞

p⃗j = p⃗0

Some additional notation is necessary. As can be seen from Figure 4.1

at the beginning of each iteration the pulse positions are calculated

based on the α’s of the previous iteration. The notation E(α⃗j, p⃗j+1) will

be defined as the error after the first function of iteration j+1 is

performed; that is, the error after the pulse positions are calculated

but before the new α’s are calculated based on those pulse positions.

After iteration j the pulse positions p⃗j may not be the optimal pulse

positions for α⃗j. The first function of iteration j+1 is to find the
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E(αj,pj)

Calculate pulse
positions based
on given α's.

E(αj,pj+1)

Calculate α's
based on pulse
positions.

E(αj+1,pj+1)

one iteration involves the
performance of both functions.

Figure 4.1 Definition of Iteration

optimal pulse positions for α⃗j. The method for doing this, by choosing

the pulse locations to be those locations where the prediction residual

has maximum magnitude, is an optimal one; that is, the algorithm finds a

set of pulse locations for a fixed set of α’s which minimizes the total

error. The error then satisfies

E(α⃗j, p⃗j+1) ≤ E(α⃗j, p⃗j) (3.1)

because p⃗j+1 contains the optimal pulse positions for the vector α⃗j.

The second function of each iteration is to calculate the α’s based
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on the given pulse positions. The α’s satisfy

Φ′α⃗ = Ψ′ (3.2)

where

Φ′ =


ϕ′(1, 1) · · · ϕ′(1, p)

...
...

ϕ′(p, 1) · · · ϕ′(p, p)


with

ϕ′(i, j) =
N∑

n=1
n̸=p1,...,pI

s(n− i)s(n− j) (3.3)

The matrix Φ′ is positive semi-definite as proved in 3.3.5. That is,

its eigenvalues are greater than or equal to zero. If it has a zero

eigenvalue then Φ′ is not invertible and there may be an infinite

number of α’s which satisfy equation (3.2). This is a highly undesirable

situation since it is not clear which of these α’s result in the

minimization of the total error.

The assumption is made in this section that regardless of the

iteration the matrix Φ′ is invertible. In practice, this assumption has

been displayed to be valid, especially when using quantized speech or

speech in slightly noisy environments. Just as the covariance matrix in

the solution of the normal equations for LPC is almost always invertible,

Φ′ in the multi-pulse case will almost always be invertible especially

when the number of pulses removed is not large relative to the block

size. In fact when I denotes the number of pulses per block and N denotes



37

the block size it has been found that for 600 different blocks of speech

with an average of 5 iterations per block the Φ′ matrix has always been

invertible. The block size was N=160. The number of pulses were I=16 and

I=32. So a total of 6000 Φ′ matrices were calculated and every one of

these were invertible. It is not required, however, that the matrix be

always invertible. Section 9.3 presents a procedure which handles the

case where Φ′ has a zero eigenvalue. In this section we will deal with

the case where Φ′ is invertible.

If Φ′ is invertible then the solution of equation (3.2) is unique and

given by

α⃗ = Φ′−1Ψ′ (3.4)

Equation (3.2) yields a unique solution for the α’s but we need to

demonstrate that these α’s result in a minimum of the total error. An

appropriate way to do this is to look at the Jacobian matrix and use the

second derivative test [21]. The Jacobian matrix is given as

J =



∂2E

∂α1∂α1
· · · ∂2E

∂α1∂αp

...
...

∂2E

∂αp∂α1
· · · ∂2E

∂αp∂αp


These second order partials are evaluated at the critical point of E

which is given already by equation (3.4). The second derivative test

states that if these mixed partials are continuous and the matrix J is

positive definite then the critical point is a relative strict minimum.

In our case E is given as
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E =
N∑

n=1
n̸=p1,...,pI

e2(n) (3.5)

with

e(n) = s(n) −
p∑

m=1
αms(n−m) (3.6)

The first partial yields

∂E

∂αi

= −
N∑

n=1
n̸=p1,...,pI

2e(n)s(n− i) (3.7)

and the mixed partial is

∂2E

∂αi∂αj

= 2
N∑

n=1
n̸=p1,...,pI

s(n− i)s(n− j) = 2Φ′(i, j) (3.8)

The mixed partials are constants and therefore continuous. As can be

seen from equation (3.8) the Jacobian matrix is given by

J = 2Φ′ (3.9)

Since Φ′ is positive definite then J is positive definite hence the

alphas from equation (3.4) correspond to a strict relative minimum.

Since there is only one stationary point the α’s correspond to a global

strict minimum. In conclusion, for a given set of pulse positions there

exists a unique solution for the α’s and this solution minimizes the

total mean square error. The error sequence then satisfies

E(α⃗j+1, p⃗j+1) ≤ E(α⃗j, p⃗j+1) (3.10)
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(3.10) along with (3.1) results in

E(α⃗j+1, p⃗j+1) ≤ E(α⃗j, p⃗j) (3.11)

The error sequence is a monotone decreasing sequence bounded below by

zero and hence it converges. An important observation to be used later

is

E(α⃗j, p⃗j+1) > E(α⃗j+1, p⃗j+1) when α⃗j ̸= α⃗j+1 (3.12)

since the new alphas α⃗j+1 correspond to a strict minimum of the error

function.

It is left to be proved that the α’s converge and the position

vector converges. Also, it is important to know when the algorithm has

converged. The test for convergence of the algorithm is quite simple and

will be presented first. The algorithm has converged at iteration k + 1

when

p⃗k+1 = p⃗k (3.13)

that is, the positions at one iteration are identical to the positions

at the next iteration. This is simple to see since α⃗k was calculated

based on p⃗k. The alpha vector α⃗k+1 is calculated based on p⃗k+1 and if p⃗k+1

is equal to p⃗k then the alpha vector α⃗k+1 equals α⃗k. Likewise, α⃗k was

used to generate p⃗k+1 and α⃗k+1 is used to generate p⃗k+2. Since α⃗k equals

α⃗k+1 it follows that p⃗k+2 equals p⃗k+1. It follows that
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p⃗k+j = p⃗k j = 1, 2, . . .

and

α⃗k+j = α⃗k j = 1, 2, . . .

What is happening is that the alphas are used to generate positions

which in turn are used to generate the same alphas which in turn are

used to generate the same positions ... Similarly an alternate test for

convergence is

α⃗k+1 = α⃗k (3.14)

To prove that convergence occurs, one must show that equation (3.14)

must hold for some k. Suppose

α⃗j ̸= α⃗j+1

then from (3.12)

E(α⃗j, p⃗j+1) > E(α⃗j+1, p⃗j+1) (3.15)

This implies that

p⃗j+m ̸= p⃗j m = 1, 2, . . . (3.16)

If there existed a k such that p⃗j+k equals p⃗j then it follows that
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E(α⃗j+k, p⃗j+k) = E(α⃗j, p⃗j) ≥ E(α⃗j, p⃗j+1) > E(α⃗j+1, p⃗j+1)

But this is not possible since the error sequence is a monotone

decreasing sequence; therefore, equation (3.16) is valid. The α’s cannot

change at every iteration because there are only a finite number of

possible pulse positions. Each time the alphas change one pulse position

will be excluded from the set of all future pulse positions. Hence the

α’s can change only a finite number of times. This implies that equation

(3.14) must hold for some k. Once equation (3.14) holds the algorithm

has completely converged. Section 9.3 discusses how to treat the case

where the Φ′ matrix has zero eigenvalues.

4.4 Rate of Convergence

Section 4.3 proves that the multi-pulse algorithm converges. The

purpose of this section is to derive a meaningful bound on the time for

its convergence. Implied in section 4.3 is that the maximum number of

iterations for the algorithm is given by

itermax =
(
N

I

)
(4.1)

where N is the block size and I is the number of pulses per block. A

typical application might have N = 160 and I =16 for which

itermax = 4.06 × 1021 (4.2)

This bound is clearly not small enough to be of any practical use. This
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section derives an expected time to converge, Et, in terms of the number

of pulses, I, and a probability, p, to be defined shortly. First it is

useful to present some preliminary definitions.

From section 4.3 the algorithm converges at some iteration k to some

position vector p⃗0 given by

p⃗0 = (v1, v2, . . . , vI) = p⃗k (4.3)

The algorithm is said to have "locked on" to a pulse position vj at time

ℓ if vj is contained in each of the position vectors p⃗ℓ, p⃗ℓ+1, . . . , p⃗k. At

time k, the time which the algorithm has converged, the algorithm has

locked onto all pulse positions. Let p denote the probability that in

going from one iteration to the next the algorithm locks onto at least

one position not locked onto at the previous iteration. As an initial

analysis, let us add the restriction that the algorithm can only lock

onto one additional pulse position at each iteration. Let λj denote

whether the algorithm has locked onto a pulse position at iteration j.

That is,

λj =


1 if the algorithm locks onto a new pulse at iteration j

0 otherwise

The assumptions used in this section are

Pr{λj = 1} = p (4.4)

and
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Pr{λj = 1 | λj−1, λj−2, . . . , λ1} = Pr{λj = 1} = p (4.5)

Pr denotes the probability of the event occurring. Equation (4.4) implies

that the ability of the algorithm to lock onto a pulse is independent of

the iteration. Equation (4.5) implies that the ability of the algorithm

to lock onto a pulse position at iteration j is independent of whether

it locked onto a pulse position at iteration j-1,...,1. Equations (4.4)

and (4.5) together imply that λj are independent Bernoulli trials. I

pulses must be locked onto for the algorithm to converge. The number

of iterations to obtain I successes in successive Bernoulli trials

follows the Pascal distribution (also known as the negative binomial

distribution) [23].

The probability that the algorithm has converged at step j is given by

p(j) =
(
j − 1
I − 1

)
pI(1 − p)j−I j = I, I + 1, . . .

= 0 otherwise
(4.6)

The term pI(1 − p)j−I arises from the probability associated with exactly

one outcome that has locked onto I pulses in j iterations. In order

for this outcome to occur there must be I-1 pulses locked onto in j-1

iterations before the last iteration which locks onto the last pulse.

The combination in equation (4.6) represents the number of arrangements

satisfying this condition. The expected value µ of this process is [22]

µ =
∞∑

j=I

j

(
j − 1
I − 1

)
pI(1 − p)j−I = I/p (4.7)
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Its variance σ2 is given as

σ2 = I(1 − p)/p2 (4.8)

If the restriction that the algorithm can only lock onto one position at

each iteration is removed then the expected value can only be reduced

hence the time to convergence is upwardly bounded by µ. Thus the expected

time of convergence satisfies

Et ≤ I/p (4.9)

An assumption made in this section is that p does not change from

iteration to iteration. It may be the case that the probability of

locking into a pulse position at iteration one is greater than the

probability of locking into a pulse position at iteration twelve. In the

case of speech data this phenomenon was not observed. If p is close to

one then the algorithm converges in an average of less than I iterations

with a very low variance. The parameter p needs to be determined

statistically. It may depend on the type of data given to the algorithm.

Section 4.5 derives this probability parameter for speech data.

4.5 Statistical Analysis for the Convergence Rate

In this section an experiment is described which estimates p for

speech data. First, speech is separated into m distinct blocks. For

each block i the algorithm is performed. The number of iterations for

the algorithm to converge on each block is ki. After the algorithm has
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converged on block i a parameter ni
j is calculated as

ni
j =


1 if the algorithm locks onto a new pulse at iteration j

0 otherwise.

An estimate Xi for block i is given as

Xi =
ki∑

j=1
ni

j (5.1)

Xi is simply the number of successful times the algorithm locks onto a

new pulse for block i. Finally, after all blocks are analyzed the sum X

is formed as

X =
m∑

i=1
Xi (5.2)

X can be written as

X =
m∑

i=1

ki∑
j=1

ni
j (5.3)

which can be written as

X =
n∑

i=1
λi (5.4)

Each of the λi corresponds to a single iteration of the algorithm. The

total number of iterations performed, n, is given by

n =
m∑

i=1
ki (5.5)

In equation (5.4) λi are assumed to be independent Bernoulli trials.
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The independence means that the ability of the algorithm to lock onto

a position at iteration k is independent of whether it locked onto a

position at time k-1,...,1. This assumption was used in the previous

section in determining the bound for the convergence of the algorithm.

The probability density function of λi is

P (λi = 1) = p

P (λi = 0) = 1 − p

X is a sum of the random variables λi. If n is large then X is distributed

normally with mean np and variance np(1-p) [23]. If a random variable Z

is formed as

Z = (X − np)/[{np(1 − p)}1/2] (5.6)

then Z ∼ N(0, 1). The hypothesis will be tested

H0 : p < p0

H1 : p > p0

The acceptance and rejection regions are shown in Fig. 4.1. Zα/2 is the

point which satisfies

P [Z > Zα/2 ] = α/2 (5.7)

This is known as the 100(1 − α) percent confidence estimate. If the

experiment is performed M times then on the average M(1 − α) of the



47

outcomes will lie in the acceptance region and Mα outcomes will lie in

the rejection region. In the experiment on speech n was 3000, X given by

equation (5.4) was measured also to be 3000; that is, on every iteration

the algorithm picked up at least one pulse. So the measured Z is

Z = [n(1 − p)/p]1/2 (5.8)

To solve for those p0’s which would be rejected one has

[n(1 − p0)/p0]1/2 > Zα/2 (5.9)

which can be written as

p0 < n/[n+ (Zα/2)2 ] (5.10)

If Zα/2 = 7.0 then α = 10−12. The rejected probabilities would then be

p0 < 3000/3049 = .9839 (5.11)

If the true value of p was less than .9839 then it follows that if

this experiment were done 1012 times then on the average only one would

satisfy Z > 7.0. So statistically one can say with 100(1 − 10−12) percent

confidence that p is greater than .9839. If this value of p is put into

the convergence bound then

Et < 1.0163 I (5.12)

The data sets used to measure p included voiced, unvoiced, and silence



48

portions of speech. For speech production the bound (5.12) should be

sufficient. The algorithm was run for different values of I and N. When

I was equal to five the number of iterations often required was close to

five; however, when I was large the number of iterations was not as large

as the value I. When I was 16 the algorithm typically converged within 8

iterations. The probability p did not change as a result of the number

of pulses used. This probability was measured when I was 5,10,15,20, and

25. The value of N was 160.

Z ~ N(0,1)

Accep tance
Reg ion

Area = α/2

Rejection
Region

Z-α/2 Zα/2

Figure 4.1 Acceptance and Rejection Regions

4.6 Perturbation of the Prediction Coefficients as a Result of Noise

In this section a bound is derived for the maximum change in the

prediction coefficients due to the addition of white noise to the
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original speech. This is the same scenario as in section 9.3. The

equations for the solution of the prediction coefficients are given by

Φ′α⃗ = Ψ′ (6.1)

If white noise is added to the speech segment then the equation results

in

Φ′
nα⃗n = Ψ′

n (6.2)

The subscript n will denote that the speech segment is the noisy one. It

follows from equations (9.3.8) and (9.3.9) that

Φ′
n = Φ′ + σI (6.3)

and

Ψ′
n = Ψ′ (6.4)

In equation (6.3) σ is the variance of the white noise added to the

speech segment. It follows from equations (6.4),(6.2), and (6.1) that

α⃗− α⃗n = α⃗− (Φ′
n)−1Ψ′

= α⃗− (Φ′
n)−1Φ′α⃗

= (I − (Φ′
n)−1Φ′)α⃗

= (Φ′
n)−1[Φ′

n − Φ′]α⃗

(6.5)

From equation (6.3)
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Φ′
n − Φ′ = σI (6.6)

By using this in equation (6.5) one obtains

α⃗− α⃗n = σ(Φ′
n)−1α⃗ (6.7)

Equation (6.7) yields

∥α⃗− α⃗n∥ ≤ σ∥(Φ′
n)−1∥ ∥α⃗∥ (6.8)

The norm ∥ ∥ is the ℓ2 norm defined for a vector as

∥(x1, x2, . . . , xn)∥ =
[

n∑
i=1

x2
i

]1/2

(6.9)

It is useful to use three theorems of functional analysis [24] which are

• Every linear operator defined on a finite-dimensional normed

linear space is compact.

• If Φ is a compact, symmetric operator on a non-trivial Hilbert

space H then ∥Φ∥ = |λmax| where λmax is the eigenvalue of Φ with

largest absolute magnitude.

• If λ is an eigenvalue of an invertible matrix Φ then 1/λ is an

eigenvalue of Φ−1.

It follows from these three theorems that

∥(Φ′
n)−1∥ = 1/λmin (6.10)
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where λmin is the minimum eigenvalue of Φ′
n. Putting (6.10) into (6.8)

one obtains

∥α⃗− α⃗n∥ ≤ (σ/λmin)∥α⃗∥ (6.11)

From equation (6.11) it follows

∥α⃗− α⃗n∥ ≤ [σ/(λmin − σ)]∥α⃗∥ (6.12)

but λmin − σ is the minimum eigenvalue of Φ′. Finally, the following

result is obtained

∥α⃗− α⃗n∥ ≤ (σ/λmin)∥α⃗∥ (6.13)

where λmin is the minimum eigenvalue of Φ′. This result shows that small

perturbations in the signal result in small perturbations in the alphas

hence the algorithm is robust in the selection of the alphas.

4.7 Perturbation of the Total Error as a Result of Noise

In this section a bound is derived for the maximum change in the total

error due to the addition of white noise. In the covariance method for

LPC Rabiner and Schafer [8] show that the total error can be written as

E = ϕ(0, 0) − α⃗T Ψ (7.1)

A similar expression for multi-pulse for the total error is

E = ϕ′(0, 0) − α⃗T Ψ′ (7.2)
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The derivation of equation (7.2) is precisely the same as the derivation

of (7.1) except that the summations have the restrictions on the pulse

positions. If white noise with variance σ were added to the speech then

equation (7.2) would become

En = ϕ′(0, 0) + σ − α⃗T
n Ψ′ (7.3)

It follows that

E − En = σ − (α⃗T − α⃗T
n )Ψ′ (7.4)

From this equation one obtains

|E − En| ≤ σ + ∥α⃗T − α⃗T
n ∥∥Ψ′∥ (7.5)

The norm ∥∥ is the ℓ2 norm as defined in equation (6.9). Noting that

∥α⃗T − α⃗T
n ∥ = ∥(α⃗− α⃗n)T ∥ = ∥(α⃗− α⃗n)∥ (7.6)

and from (6.13)

∥α⃗− α⃗n∥ ≤ (σ/λmin)∥α⃗∥ (7.7)

Also,

∥Ψ′∥ = ∥Φ′α⃗∥ ≤ λmax∥α⃗∥ (7.8)

Putting (7.7) and (7.8) into (7.5) yields
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|E − En| ≤ σ + σ(λmax/λmin)∥α⃗∥2 (7.9)

which can be written as

|E − En| ≤ σ[1 + (λmax/λmin)∥α⃗∥2] (7.9)

This result shows that small perturbations in the signal result in small

perturbations in the total error at each stage.

4.8 Testing the Algorithm

In order to test the algorithm, true multi-pulse data will be given

to it and it will attempt to determine the prediction coefficients,

the pulse amplitudes and the pulse locations. The data is generated as

follows

s(n) =
6∑

i=1
ais(n− i) + x(n) 1 ≤ n ≤ 50 (8.1)

Table 4.1 gives the values of the ai’s used for the generation.

Table 4.2 gives the values of the input sequence x(n). If not specified

in Table 4.2, x(n) is assumed to be zero. The speech is shown in Table 4.3.

The speech was arbitrarily chosen to be zero for the first six samples.

As can be seen from equation (8.1) some initial data is required.
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Table 4.1 Prediction Coefficients for Multi-Pulse Example

n Prediction coefficient an

1 .85776

2 -.40311

3 -.35678

4 .35421

5 -.31809

6 -.23467

Table 4.2 Pulse Locations and Amplitudes for Multi-Pulse Example

n Input x(n) n Input x(n) n Input x(n)
9 10.0 19 14.0 37 29.0

10 -10.0 20 -18.0 44 -20.0

11 23.0 21 34.0 45 28.0

14 19.0 23 142.0

15 17.0 25 98.0

When the algorithm is given the multi-pulse data from Table 4.3 it

converges in three full iterations. The error at stage four of the

algorithm is shown in Table 4.4 for each iteration.

The pulse positions at each iteration are shown in Table 4.5. In that

table they are arranged in decreasing order of pulse magnitude. It can

be seen from Table 4.2 that the positions obtained at iteration three of

the algorithm are in the correct order. The algorithm, therefore, can

detect a true multi-pulse model. At iteration three of the algorithm

the pulse positions, pulse amplitudes, and prediction coefficients are

exactly those that are given in Table 4.1 and Table 4.2. The algorithm
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Table 4.3 Generated Multi-Pulse Data

n data s(n) n data s(n)
1 0.000000 26 21.42594

2 0.000000 27 -38.25678

3 0.000000 28 -103.9352

4 0.000000 29 -106.5658

5 0.000000 30 -104.6697

6 0.000000 31 -64.73758

7 0.000000 32 -4.989212

8 0.000000 33 63.45269

9 10.00000 34 100.7484

10 -1.422400 35 97.99105

11 17.74882 36 64.18945

12 12.22981 37 47.86752

13 7.385102 38 -3.104567

14 10.38753 39 -57.08845

15 22.96221 40 -96.87094

16 11.89389 41 -85.42988

17 -8.199680 42 -45.24986

18 -21.56009 43 -.2811050

19 -2.335299 44 13.05438

20 -13.91531 45 69.40560

21 18.62132 46 88.25043

22 14.59551 47 77.40385

23 159.9328 48 21.38895

24 125.5301 49 -23.84401

25 147.5670 50 -50.57220
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Table 4.4 Multi-Pulse Algorithm Error at each Iteration

Iteration Error

1 2391.174

2 63.09375

3 0.000000

has been tested on many true models and has succeeded in detecting all

the parameters correctly. In practice the algorithm has always converged

in less than seven iterations. This includes those tests which were run

on real speech data in the presence of noise.

Table 4.5 Pulse Positions for the Multi-Pulse Algorithm

iteration pulse locations

(largest pulse amplitudes first)

1 23 37 45 44 28 25 19 27 21 15 14 39 47

2 23 25 21 37 45 11 44 14 15 20 19 9 10

3 23 25 21 37 45 11 44 14 20 15 19 9 10

4.9 Conclusion

Presented in this chapter is a multi-pulse algorithm using the theory

of chapter three. The algorithm is guaranteed to converge and in practice

does so very quickly. The algorithm was tested on true multi-pulse

data which was generated and it was able to detect all the parameters

involved in that generation. The algorithm will be used in chapter

six for synthetic speech production. In this chapter the algorithm

used the covariance method to obtain the multi-pulse parameters. The
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main thrust of the algorithm presented in this chapter is to implement

the multi-pulse equations derived in Chapter three. There are many

variations on the algorithm which would be useful depending on the

particular application. The next chapter discusses variations in the

multi-pulse parameters along with multi-pulse data with additive noise.
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5 SIMULATIONS USING THE MULTI-PULSE ALGORITHM

This chapter investigates the accuracy of the algorithm presented in

chapter four. Simulations are done when certain multi-pulse parameters

are varied. Included will be a discussion on how the spacing of pulses,

the number of pulses, the frame size, and noise on the data affect the

convergence of the algorithm. Many multi-pulse models were generated

and tested and two of them which are representative of these models are

shown in Fig. 5.1 and Fig. 5.2. In these figures the output is generated

by

s(n) =
p∑

i=1
αis(n− i) + x(n)

where the LPC coefficients are shown in Table 5.1. The output sequence

is s(n) and the input sequence is x(n). The algorithm was given the output

data as shown in the two figures. In both cases it converged to the true

location and amplitude of the impulses. The error at each iteration of

the algorithm is shown in Table 5.2.

5.1 Spacing of the Pulses

A major concern with the algorithm was its ability to detect the

input sets where the spacing was close or far apart. It turned out in

simulation that it did not matter how the impulses were spaced. As can

be seen in Fig. 5.1 the impulses are located close together and still

the algorithm is able to detect their positions. Likewise, the algorithm

detects the positions when the impulses are far apart as in Fig. 5.2. It
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PU
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TP
UT

Figure 5.1 Multi-Pulse Generated Data

is important that the algorithm be able to detect impulses close together

because the excitation set for speech comes in bursts of energy. In fact,

the next chapter will show that in almost all cases of real speech the
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Figure 5.2 Multi-Pulse Generated Data

algorithm will locate pulse positions very close to each other.

5.2 The Frame Size and the Number of Pulses
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Table 5.1 LPC Coefficients for Figures 5.1 and 5.2

αi Fig 5.1 Fig. 5.2

α1 .85776 .4312

α2 -.40311 .2015

α3 -.35678 .0060

α4 .35421 .1115

α5 -.31809 .12682

α6 -.23467 .092662

α7 .00000 -.17475

Table 5.2 Error for Algorithm on Fig. 5.1 & 5.2

Iteration Fig 5.1 Error Fig 5.2 Error

1 .2391174 × 104 .1933516 × 103

2 .6309375 × 102 0.0000000

3 0.0000000

The frame size and the number of pulses are included in one section

because they are so related. In this section N will denote the frame size

and I will denote the number of pulses. As discussed in 4.5 the number

of pulses are related to the convergence of the algorithm. As measured

in 4.5 the frame size did not affect the convergence of the algorithm.

If I is approximately equal to N then the matrix Φ′ has been

measured in test cases to have zero eigenvalues. When this is the case

a corrective procedure, such as the one in 9.4, needs to be used. In

all test cases if I was small compared to N then the matrix Φ′ has

been invertible. In most applications I will be smaller than N as a

large number of pulses will require a large amount of information to be
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transmitted over the channel.

5.3 Noise on the Multi-Pulse Data

In this section noise is added to the multi-pulse data. In the

previous sections it was shown that the algorithm could detect a

true multi-pulse model. This section is concerned with how robust the

algorithm is. Fig. 5.3 shows how the noise is added.

x(n) ALL

POLE

FILTER

αi

s(n)

t(n)

s'(n)

Figure 5.3 Multi-Pulse Data with Additive Noise

The noise sequence t(n) is generated as follows:

t(n) = [
10∑

i=1
xi(n)]/10 − 1/2 (3.1)

where xi is uniformly distributed on [0, 1]. Then, t(n) is multiplied by a

constant γ so that γt(n) yields a specified signal to noise ratio defined

as

S

N
= s2

n2
(3.2)
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with

s2 = [
N∑

n=1
s2(n)]/N (3.3)

and

n2 = [
N∑

n=1
t2(n)]/N (3.4)

The algorithm is given s′(n) and from this data determines coefficients

α1, . . . , αp and positions p1, . . . , pI and then the following sequence is

formed

e(n) =


s(n) −

p∑
i=1

αis(n− i) n ̸= p1, p2, . . . , pI

0 otherwise
(3.5)

Then, s(n) is graphed with e(n). The error e(n) is a measure of how

accurately the algorithm can determine the prediction coefficients and

pulse positions of the underlying model. Figures 5.4–5.11 show the

results of additive noise on the signals in Fig. 5.1 and 5.2 with signal

to noise ratios of 20.0,10.0,5.0, and 0.0 dB. For the signal in Fig.

5.2 the performance of the algorithm on the pulse positions is shown in

Table 5.3. Similar results are obtained for the signal in Fig. 5.1. The

results indicate that small deviations from the model do not result in a

significant deviation in the parameters detected by the algorithm. This

is crucially important since real speech, or data, is not generated by a

true model. Looking at Figures 5.4–5.11 one can see that the resulting

error sequence is not large compared to the amount of noise added.
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In sections 4.6 and 4.7 theoretical bounds were derived for the change

in the predictor coefficients and the total error due to the addition of

white noise to the speech segment. These bounds are given by equations

(4.6.13) and (4.7.9) as

∥α⃗− α⃗n∥ ≤ (σ/λmin)∥α⃗∥ (3.6)

and

|E − En| ≤ σ{1 + (λmax/λmin)∥α⃗∥2} (3.7)

The norm ∥ ∥ is the ℓ2 norm. The value σ is the variance of the white

noise added to the speech segment. The alpha vector α⃗ contains the

prediction coefficients for the original speech segment. For the two

speech segments concerned with here they are given in Table 5.1. The

value E is the error made on the original speech segment. In this

section E is zero as given in Table 5.2 since the original speech was

generated in this chapter by a true multi-pulse model. The alpha vector

α⃗n contains the prediction coefficients measured for the noisy speech.

The error made for the noisy speech is denoted by En. The largest and

smallest eigenvalues of the Φ′ matrix for the two speech segments are

denoted as λmax and λmin respectively. Table 5.4 shows the eigenvalues

of the Φ′ matrix for speech segments I and II. For speech segment I the

norm ∥α⃗∥ is given as

∥α⃗∥ = 1.143353 (Speech Segment I) (3.8)



65

Using the values of the eigenvalues from Table 5.4 for Speech Segment I

in equations (3.6) and (3.8) yields

∥α⃗− α⃗n∥ ≤ σ/(1.173432 × 104) (Speech Segment I) (3.9)

and

|En| ≤ 16.1851σ (Speech Segment I) (3.10)

These theoretical bounds are compared with the actual parameters

measured in Table 5.6. for signal to noise ratios of 20.0, 10.0, 5.0, and

0.0dB. As can be seen from table 5.6 the bound given by (3.7) is a loose

bound. The bound given by (3.6) is much tighter. The bound on the alphas

was derived by invoking only one inequality (4.6.8) while the bound on

the total error was derived by invoking four inequalities.

5.4 Noise on the Excitation Set

In this section noise will be added to the impulsive excitation set.

Fig. 5.12 shows how the noise is added. The noise sequence is generated

as in equation (3.1). The signal to noise ratio is calculated using

s(n) as the signal and t′(n) as the noise. The results on Fig. 5.2 for

signal to noise ratios of 20.0, 10.0, 5.0, and 0.0 dB are shown in Fig.

5.13–5.16. As seen in the figures the resulting error is much smaller

than the noise added. For signal to noise ratios of 20, 10 and 5 dB the

algorithm was able to locate all five pulse positions and for 0 dB it

missed one position. As can be seen from the figures the algorithm works
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better when additive noise is on the excitation set rather than the data

itself.

5.5 Conclusion

Discussed in this chapter was the performance of the multi-pulse

algorithm as certain parameters were varied. In addition, the algorithm

was tested in the presence of noise. The addition of noise (> 5.0 dB)

did not significantly affect the ability of the algorithm to detect the

underlying parameters of the model.

s(n)

e(n)

Figure 5.4 Data of Fig. 5.1 (S/N =20.0 dB)
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s(n)

e(n)

Figure 5.5 Data of Fig. 5.1 (S/N = 10.0 dB)

s(n)

e(n)

Figure 5.6 Data of Fig. 5.1 (S/N=5.0dB)
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s(n)

e(n)

Figure 5.7 Data of Fig. 5.1 (S/N=0.0 dB)

s(n)

e(n)

Figure 5.8 Data of Fig. 5.2 (S/N = 20.0 dB)
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s(n)

e(n)

Figure 5.9 Data of Fig. 5.2 (S/N = 10.0 dB)

s(n)

e(n)

Figure 5.10 Data of Fig. 5.2 (S/N=5.0dB)
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s(n)

e(n)

Figure 5.11 Data of Fig. 5.2 (S/N=0.0dB)

Table 5.3 Performance of the Algorithm for Signal in Fig. 5.2

S/N Pulse Positions Accurate?

20.0 yes

15.0 yes

10.0 yes

5.0 no, missed one

0.0 no, missed two

-5.0 no, missed two
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Table 5.4 The Eigenvalues of Φ′ for Speech Segments I and II

Speech Segment I Speech Segment II

λ1 .1558461 × 106 (λmax) .2066472 × 105 (λmax)

λ2 .6239923 × 105 .1416702 × 105

λ3 .3736242 × 105 .1290627 × 105

λ4 .2125616 × 105 .1328754 × 105

λ5 .1341647 × 105 (λmin) .1319526 × 105

λ6 .2349738 × 105 .1275285 × 105

λ7 .9943853 × 104 (λmin)

Table 5.5 Perturbation of the Reflection Coefficients

∥α⃗− α⃗n∥

S/N Speech Segment I Speech Segment II

(dB)

Theoretical Measured Theoretical Measured

Bound Value Bound Value

20.0 .153050 .07830967 .011770 .005703469

10.0 1.53050 .370808 .1177695 .06002255

5.0 4.839862 .5718948 .372185 .1496651

0.0 15.304986 .7979619 1.176932 .2909281
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Table 5.6 Perturbation of the Total Error

|E − En|

S/N Speech Segment I Speech Segment II

(dB)

Theoretical Measured Theoretical Measured

Bound Value Bound Value

20.0 2.907 × 104 1.108 × 102 3.470 × 102 1.370

10.0 2.907 × 105 3.000 × 103 3.470 × 103 1.102 × 102

5.0 9.192 × 105 6.879 × 103 1.097 × 104 7.16 × 102

0.0 2.907 × 106 1.326 × 104 3.470 × 104 2.657 × 103

x(n)

t(n)

ALL

POLE

FILTER

s'(n) = s(n) + t'(n)

αi

Figure 5.12 Noise on the Excitation Set
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e(n)

s(n)

Figure 5.13 Data of Fig. 5.2 (S/N=20.0dB)

s(n)

e(n)

Figure 5.14 Data of Fig. 5.2 (S/N=10.0dB)
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s(n)

e(n)

Figure 5.15 Data of Fig. 5.2 (S/N=5.0dB)

s(n)

e(n)

Figure 5.16 Data of Fig. 5.2 (S/N=0.0dB)
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6 SYNTHETIC SPEECH PRODUCTION USING THE MULTI-PULSE ALGORITHM

6.1 Introduction

This chapter deals with the production of synthetic speech. The

multi-pulse algorithm is given real speech data and from this it

determines parameters to be used in a synthetic speech model. Also

discussed is the performance of the prediction estimate when applied to

speech.

6.2 The Prediction Estimate for Multi-Pulse and LPC

This section compares the performance of multi-pulse and LPC in terms

of the prediction estimate. For LPC

ŝ(n) =
p∑

i=1
αis(n− i) (2.1)

For multi-pulse

ŝ(n) =
p∑

i=1
αis(n− i) +

I∑
j=1

bjδ(n− pj) (2.2)

The error is then defined as

E =
N∑

n=1
e2(n) (2.3)

with

e(n) = s(n) − ŝ(n) (2.4)
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Figure 6.1 Speech Segment I (160 samples at 8khz)

Figure 6.2 Speech Segment II (160 samples at 8 khz)
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Table 6.1 S/N Calculations for Speech Segment I

order of predictor

6 8 10 12 15

(LPC) 0 31.09 36.67 38.56 38.96 39.81

# 5 33.64 41.28 43.70 44.40 46.28

of 10 35.66 44.02 47.25 47.82 51.08

pulses 15 37.36 46.44 49.71 51.02 53.53

20 38.73 48.48 51.89 53.29 56.00

25 40.02 50.47 54.28 55.11 58.24

Table 6.2 S/N Calculations for Speech Segment II

order of predictor

6 8 10 12 15

(LPC) 0 24.99 26.74 27.45 28.17 28.27

# 5 28.89 30.39 31.93 32.93 33.30

of 10 31.52 32.86 34.22 35.11 35.92

pulses 15 33.74 34.69 35.99 37.10 37.89

20 35.36 36.45 37.86 38.45 39.60

25 37.07 37.98 39.40 40.54 41.47

Many speech segments were tested and two which are representative of

those are shown in Figures 6.1 and 6.2. For each speech segment the

LPC and multi-pulse coefficients were obtained and the respective error

functions were calculated using equation (2.3). Then the signal to noise

defined as

S/N = 10 log Σ s2(n)
Σ e2(n) (2.5)
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is calculated and tabulated for different numbers of predictor

coefficients and different pulse positions. The results are tabulated in

Table 6.1 and Table 6.2. The tradeoffs between higher order filters and

number of pulses can be seen for these speech segments. As can be seen

in Table 6.2 a 6th order multi-pulse with 5 pulse positions outperforms

a 15th order LPC for that speech segment. Hence with multi-pulse

there exists a possibility of reducing the order of the predictor

thereby decreasing the number of computations required to calculate the

multi-pulse parameters.

6.3 The Bit Rate for Standard LPC

The standard LPC system was discussed in chapter two. This

section derives the bit rate necessary to operate the system when

producing synthetic speech. The transmitter must send to the receiver

the reflection coefficients, the gain, the pitch period and the

voiced/unvoiced decision. The following parameters are now defined

(1) fs : the sampling rate.

(2) N : the frame size.

(3) fN = fs/N : the number of frames per second.

(4) x1 : # of bits appropriated for the gain.

(5) x2 : # of bits for pitch period.

(6) x3 : # of bits for each reflection coefficient.

(7) p : # of reflection coefficients.
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The LPC bit rate LPCBR is then given by

LPCBR = fN(px3 + x1 + x2 + 1) (3.1)

For the LPC system tested the following values were assigned

(1) fs = 8000

(2) N = 160

(3) fN = 50

(4) x1 = 10

(5) x2 = 6

(6) x3 = 10

(7) p = 12

So the total bit rate is

LPCBR = 6850 bits/sec. (3.2)

For multi-pulse the situation is more complex. In this case, the

transmitter must send the pulse positions for each frame. Sending the

pulse positions could require a lot of bits. The next section introduces

a new method to code the pulse position and compares it with the

theoretically optimal one.

6.4 Transmitting the Pulse Positions for Multi-Pulse

In this section the problem is to describe k pulse positions in a

block of N samples with as few bits as possible. The algorithm is as
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follows:

(1) Is there a pulse in the next 2b samples ? Yes - go to (3). No -

go to (2)

(2) Transmit a "0". Shift over 2b samples. go to (1)

(3) Transmit a "1". Transmit b bits which define the position of the

next pulse. Shift over to that pulse position. Go to (1).

The parameter to be determined is b. It will be chosen to minimize the

maximum bit rate incurred in the above algorithm. In a block size of N

there will be a "1" transmitted k times (one for each pulse). In the

block size of N the maximum number of times a "0" can be transmitted is

N/2b. If a "0" is transmitted then no more information is sent. If a "1"

is transmitted then b bits are sent to describe the position. So the

maximum number of bits required for the transmission is

MaxB = kb+ k +N/2b = k(b+ 1) +N/2b (4.1)

If this function is minimized with respect to b then the optimal value

of b is given as

b = [ln(N ∗ ln(2)/k)]/ ln(2) (4.2)

since b must be an integer one needs to check the value of equation (4.1)

for the two closest integers to b when b is calculated via equation

(4.2). This will suffice since the function defined by equation (4.1) is

uni-modal. For example, let us attempt to find out how many bits are
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required to describe 10 pulses in a block size of 160 samples using the

above algorithm. The value of b from equation (4.2) is

b = 3.4712 (4.3)

Looking at equation (4.1) for b=4 and b=3 the optimal is

MaxB = 60 bits (4.4)

and it holds this value for b=3 or b=4. The maximum number of bits

required to transmit these pulse positions if the algorithm were not

used is 160 bits. That is, send a stream of 160 bits with a "1" denoting a

pulse in that position and a "0" denoting no pulse in that position. The

algorithm as stated above yields a major improvement over that method.

The minimum number of bits to send the pulse positions is given by

minB = log2

(
160
10

)
≈ 51 (4.5)

By comparing equations (4.5) and (4.4) one can see that in this case the

algorithm is at a bit rate relatively close to the optimum. The next

section estimates the bit rate of a multi-pulse system using the results

of this section.

6.5 The Bit Rate for Multi-Pulse

This section derives the bit rate for a multi-pulse system. Previous

researchers have used 8 pulses every ten milliseconds which would

correspond to 16 pulses every 160 samples. From the previous section in
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order to describe 16 pulses every 160 samples it will take 84 bits. The

parameters for multi-pulse transmission are

(1) fs : the sampling rate

(2) N : the block size

(3) fN : the number of blocks per second

(4) k : the number of impulses per block

(5) y1 : the number of bits per frame for describing the positions

(6) p : the number of predictor coefficients

(7) y2 : the number of bits to quantize each predictor coefficient

(8) y3 : the number of bits to quantize each gain

The values chosen for a multi-pulse model were

(1) fs = 8000

(2) N = 160

(3) fN = 50

(4) k = 16

(5) y1 = 84

(6) p = 8

(7) y2 = 10

(8) y3 = 3

The number of bits required for multi-pulse is

MPBR = fN(py2 + ky3 + y1) (5.1)
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In the above example

MPBR = 10.6 kBits (5.2)

The parameter y3 is the number of bits to quantize each gain (and there

are k of them in a block size of N). The gain for multi-pulse is a

very slowly changing quantity. It in fact is chosen as the k largest

values of the LPC error function and they turn out to be very close

to each other in absolute value. The first bit of y3 will determine

the sign of the pulse excitation. The next two bits will be used in

an adaptive delta modulation scheme to determine the magnitude of the

pulse in terms of the magnitude of the pulse before it. In our example

the number of predictor coefficients is eight which is smaller than the

number used in the standard LPC example. This is because of the tradeoffs

discussed earlier. Specifically, the more pulse positions one uses the

less predictor coefficients needed to attain a specific signal-to-noise

ratio. It has been found that the number of bits required for each

predictor coefficient is essentially the same for multi-pulse and LPC.

The next section discusses alternate ways of formulating the gain for

the multi-pulse system.

6.6 Alternate Input Sequences for Multi-Pulse

One of the most disappointing aspects of speech production is that

the quality of speech as perceived by the human ear is not necessarily a

function of a mathematical measure. For example, there are cases where
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speech segments having a signal-to-noise ratio of 25.0 dB sound much

better than speech segments having a signal to noise ratio of 30.0 dB.

This is true for most mathematical error measures. Hence, when it comes

down to actually producing synthetic speech the major concern is not the

minimization of some error. This is the case for present day LPC systems.

The gain for the LPC system is usually assigned to be the energy in

the error signal. This assignment is a suboptimal one but does in fact

yield improved results over the case where the optimal gain is used. The

same may be the case for a multi-pulse system. That is, a sub-optimal

gain may yield a better sounding system. Unfortunately, the mathematical

equations will give no insight into what this possible gain might be.

Jain [19] has suggested a different gain from the one used in the thesis

so far. The gain assigned by Jain is such that after the pulse has been

excited at time t0 the error incurred at that position is equal to the

short time error of the previous positions. This is an intuitive way

of keeping the error level constant throughout the production of the

synthetic speech. In more detail the gain is as follows

• Compute f(n) as

f(n) = s(n) −
p∑

i=1
αis(n− i)

• If a pulse is at position n its magnitude is given as

un = f(n) − cvn−1 sign(f(n))

• v is the short-time absolute value of the signal

vn = q vn−1 + (1 − q)|en|

The value of q was chosen as 0.95 and c took on the values 0.5 or 1.
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This gain algorithm was employed in a multi-pulse system using

the prediction coefficients calculated for multi-pulse in chapter 3.

Listening tests do not indicate that the choice of gain via the above

method is as good as the choice of the gain via the equations developed

in chapter 3. In fact, at higher bit rates the performance of the above

system did not improve as much as the other multi-pulse system. Jain

is one of the few authors to realize the importance of the prediction

residual in determining the pulse positions. Perhaps there is another

way to sub-optimally define the gain for multi-pulse and obtain a better

sounding speech segment. The extension from LPC to multi-pulse (in

the way the gain is sub-optimally defined) does not yield an improved

performance for the multi-pulse case. The next section deals with the

LPC distance measure.

6.7 LPC Distance Measure

The LPC distance measure is a measure of the distance between the

predictor coefficients obtained from two segments of speech. In the

application here, one segment will be the original speech and the next

will be the synthetically produced speech for either multi-pulse or LPC.

The LPC distance measure used here [20] is

D(â, a) = log[(aRat)/(âRât)] (7.1)

R denotes the correlation matrix of the synthetically produced speech.

The prediction coefficients of the speech are denoted by "a" while

the prediction coefficients of the synthetically produced speech are



86

denoted by â. Define E as

E = âRât (7.2)

and Ẽ as

Ẽ = aRat (7.3)

Rabiner and Schafer [8, p.460] show that E is the energy in the error

signal if the coefficients â were used to estimate the synthetic speech.

Likewise, Ẽ is the energy in the error signal if the coefficients a were

used to estimate the synthetic speech. Since â was chosen to minimize

the energy in the error signal it follows that

E ≤ Ẽ (7.4)

Using equations (7.2) and (7.3) it follows that (7.1) can be written as

D(â, a) = log Ẽ
E

(7.5)

For the frequency version of equation (7.5) one obtains [8, p.433]

D(â, a) = log
∫ π

−π |S(ejw)|2|A(ejw)|2 dw∫ π
−π |S(ejw)|2|Ã(ejw)|2 dw

(7.6)

S(ejw) is the Fourier transform of the synthetic speech. Also,

A(ejw) = 1 −
p∑

k=1
αk e

−jwk (7.7)

and
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Ã(ejw) = 1 −
p∑

k=1
α̂k e

−jwk (7.8)

In equations (7.7) and (7.8) the alphas are the prediction coefficients

for the speech and synthetically generated speech respectively. The

LPC distance measure for multi-pulse and LPC is shown in Table 6.3

for 48 different blocks of speech. It can be seen from Table 6.3 that

multi-pulse yields an improved LPC distance measure when compared to

LPC.

6.8 Conclusion

This chapter has dealt with the production of synthetic speech. It

has compared the prediction estimate of multi-pulse with the prediction

estimate of LPC and shown that multi-pulse can yield a major improvement.

The bit rates for LPC and multi-pulse have been derived. A new

algorithm was introduced to code the multi-pulse positions. The

algorithm is extremely easy to implement in a real-time system and

requires very little computations. Finally, the chapter introduced

the LPC distance measure as a way of comparing LPC and multi-pulse.

Multi-pulse outperformed LPC with this measure.
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Table 6.3 LPC Distance Measure for LPC and Multi-Pulse

Speech Block LPC Multi-Pulse

1 2.676 1.926

2 2.506 1.569

3 3.868 4.833

4 4.466 1.399

5 3.686 1.187

6 3.372 3.349

7 3.080 1.967

8 3.251 3.553

9 4.088 1.703

10 5.106 3.414

11 4.402 2.887

12 4.463 1.893

13 4.767 2.175

14 3.286 1.812

15 3.806 3.010

16 4.423 3.607

17 4.945 4.177

18 4.459 2.501

19 5.015 2.928

20 4.649 3.030

21 4.807 3.140

22 5.163 3.546

23 3.068 1.734

24 2.497 2.646
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Table 6.3 (continued)

Speech Block LPC Multi-Pulse

25 3.147 4.353

26 3.934 2.823

27 2.104 4.647

28 3.202 2.225

29 4.073 0.251

30 4.473 0.880

31 3.568 2.119

32 2.305 0.647

33 0.183 2.062

34 3.072 0.995

35 4.383 0.013

36 5.112 3.566

37 3.758 1.872

38 3.343 1.666

39 3.588 0.785

40 3.493 2.205

41 3.324 2.367

42 2.989 1.940

43 2.540 1.202

44 3.237 2.888

45 3.127 2.029

46 2.555 3.075

47 2.744 1.854

48 1.316 0.769
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7 SUMMARY AND FURTHER RESEARCH

7.1 Summary

In this dissertation, a study of LPC with multi-pulse excitation was

presented. The multi-pulse system was compared with an LPC system and bit

rates were established for both of these. Multi-pulse performs better

than LPC when allowed to run at 10.6 kBits. As discussed earlier, when

the bit rates are the same there is not really a significant improvement

over LPC.

New contributions by this dissertation include

• Solution of a set of equations for multi-pulse to determine

the optimal prediction coefficients for a given set of pulse

positions. These equations are uncoupled from the gain.

• A mathematical derivation of the optimal pulse locations for

multi-pulse.

• A theoretical proof of convergence for the algorithm.

• An algorithm to transmit the pulse locations.

7.2 Applications of the Multi-Pulse Algorithm

One important application of the multi-pulse system is in seismic

processing. In this application an explosion (producing a waveform) is

produced at sea level and the return signal is measured. This return

signal depends on the contours of the ocean floor and layers below that.

At each discontinuity a portion of the signal is echoed back. If an
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all-pole filter is used to describe the explosion then the problem can

be modelled using multi-pulse. The pulse locations will correspond to

locations where the signal is being echoed from, hence it will determine

where the discontinuities in the layers are. Its ability to locate pulse

positions close together will be useful in this application.

Another application is in echo cancellation. When a signal is

comprised of an original signal plus an echoed version of this signal

then the multi-pulse algorithm should be able to detect the original

signal if the original signal can be adequately modelled by an all-pole

filter. In this example, the multi-pulse algorithm will look for two

pulse positions and amplitudes (the original excitation and its echo).

Once it has determined the magnitude of the echo it can use this to

remove the echo from the degraded signal.

Speech recognition is another possible application for multi-pulse.

If the multi-pulse prediction coefficients are close when a person is

saying the same sentence over and over then they could be used to verify

a speaker based on stored information. As in LPC a multi-pulse distance

measure could be defined and a threshold set up.

Alternate methods in speech production are also nice with multi-pulse.

The multi-pulse predictor could be used in an adaptive predictive coder.

This application is very nice because the error does not propagate at

the receiver as in LPC. The error propagation at the receiver is one of

the major causes of degradation in an LPC type system.

There are many other applications of the multi-pulse system.
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Basically, whenever the multi-pulse model is valid the algorithm will be

useful in determining its parameters.
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9 APPENDICES

9.1 Derivation of the Multi-Pulse Coefficients when Pulse Positions

and Amplitudes are Known

This section derives an alternate set of multi-pulse equations for

the case when the pulse positions and amplitudes are known. As before,

the prediction estimate is

ŝ(n) =
p∑

i=1
αis(n− i) +

I∑
j=1

bjδ(n− pj) (1.1)

and with

E =
N∑

n=1
e2(n) e(n) = s(n) − ŝ(n) (1.2)

From taking the partial of E with respect to the prediction coefficients

and setting equal to zero one obtains

N∑
n=1

(s(n) −
p∑

i=1
αis(n− i) −

I∑
j=1

bjδ(n− pj))s(n− k) = 0 (1.3)

which can be written as

N∑
n=1

p∑
i=1

αis(n− i)s(n− k) =
N∑

n=1
s(n)s(n− k) −

I∑
j=1

bjs(pj − k) (1.4)

Standard LPC yields the same equations except for the summation with bj

which is the correlation between the input and the speech. So if for LPC

the equations are written in matrix form as

Φα⃗LP C = Ψ (1.5)
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then for multi-pulse they are

Φα⃗MP = Ψ − Ψ0 (1.6)

or

α⃗MP = α⃗LP C − Φ−1Ψ0 (1.7)

where Ψ0 is a column vector with kth element

ψk =
I∑

j=1
bjs(pj − k) (1.8)

These equations might be used in the application to LPC where the gain

and pitch period(pulse locations) is known and an improved set of α’s is

desired. These equations would not be used for a pitch synchronous LPC

system where the parameters are updated every pitch period.

9.2 Subroutine to Calculate Multi-Pulse Parameters

This section contains a program written in C programming language

which was used to calculate the multi-pulse parameters.

/****************************************************************
**** This subroutine calculates the multi-pulse
**** parameters for a given set of data. The multi-pulse
**** coefficients and pulse positions will be passed back to
**** the caller.
*****************************************************************/

#include <stdio.h>
#include <math.h>

multip(n,i20,iter,p,s,nn,dec,pos,alpha,code)
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float s[ ],alpha[ ];
int n,i20,iter,p,nn,dec,code,pos[ ];

/****************************************************************
**** Meaning of Variables Passed to Subroutine.

**** n: the number of data samples in the speech block
**** i20: the number of impulses to be used.
**** iter: the number of iterations for the algorithm.
**** p: the number of predictor coefficients.
**** s: the array containing the speech. if s[x] is

passed to the algorithm, the algorithm will
look for the initial data in samples s[x],s[x+1],
...,s[x+p-1] and the speech data in s[x+p],s[x+p+1],
...,s[x+n+p-1].

**** nn: the number of initial pulse positions.
**** dec: the decrement for the number of pulse positions used in

for(i=nn;i>=i20;i-=dec) where i denotes the number of
pulse positions the algorithm is using at that particular
iteration.

**** pos: the array containing the positions of the pulses. if
pos[y] is passed to the algorithm it will return pulse
positions pos[y+1],...,pos[y+i20].

**** alpha the array containing the alphas. If alpha[j] is passed
to the algorithm it will return alpha(1) in location
alpha[j+1],...,alpha(p) will be in location alpha[j+p].

**** code: if code = 0 then the algorithm calculates the optimal
coefficients for the fixed locations passed to it.

*****************************************************************/
{
#define begin {
#define end }
#define then
float kp[1000],phi[20][20],sum,psi[20],sum1,sum2,sum3;
float d[20],v[20][20],y[20],e[1000],b[1000];
int i,j,j3,j4,k,k2;
for(i=nn;i>=i20;i-=dec) /*start pulse position loop */
begin
for(k2=1;k2<=n;k2++)

kp[k2]=1.0; /*initialize correlation select function */
if(code==1)

begin
for(k2=1;k2<=i20;k2++) /* if code =1 then use pulse positions */

kp[pos[k2]]=0.0; /* passed to the algorithm to define */



99

end /* new correlation select function */
for(j4=1;j4<=iter;j4++) /* begin iteration loop */
begin
for(j3=1;j3<=p;j3++)

begin /* begin loop to calculate the multi-pulse */
for(k=1;k<=j3;k++) /* phi matrix. (identical to standard lpc */

begin /* but with kp multiplied in with the sum */
sum=0.0;
for(j=1;j<=n;j++)

sum+=s[j-j3+p-1]*s[j-k+p-1]*kp[j];
phi[j3][k]=sum;

end
end

for(j3=1;j3<=p;j3++)
begin

sum=0.0; /* calculate the multi-pulse psi matrix */
for(j=1;j<=n;j++) /* similar to lpc */

sum+=s[j+p-1]*s[j+p-j3-1]*kp[j];
psi[j3]=sum;

end
d[1]=phi[1][1];
for(j=2;j<=p;j++)

v[j][1]=phi[j][1]/d[1]; /*calculate the multi-pulse v matrix */
for(j3=2;j3<=p-1;j3++)

begin
sum1=0.0;
for(k=1;k<=j3-1;k++)

sum1+=v[j3][k]*v[j3][k]*d[k];
d[j3]=phi[j3][j3]-sum1; /*calculate the multi-pulse d matrix */
for(j=j3+1;j<=p;j++)

begin
sum2=0.0;
for(k=1;k<=j3-1;k++)

sum2+=v[j][k]*d[k]*v[j3][k];
v[j][j3]=(phi[j][j3]-sum2)/d[j3];

end
end

sum3=0.0;
for(j=1;j<=p-1;j++)

sum3+=v[p][j]*v[p][j]*d[j];
d[p]=phi[p][p]-sum3;
y[1]=psi[1];
for(j3=2;j3<=p;j3++)

begin
sum1=0.0;
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for(j=1;j<=j3-1;j++) /*calculate the multi-pulse y matrix */
sum1+=v[j3][j]*y[j];

y[j3]=psi[j3]-sum1;
end

alpha[p]=y[p]/d[p];
for(j3=p-1;j3>=1;j3--)

begin
sum2=0.0;
for(j=j3+1;j<=p;j++)

sum2+=v[j][j3]*alpha[j]; /*alphas for multi-pulse are finally */
alpha[j3]=y[j3]/d[j3]-sum2; /*defined in this loop */

end
if(code==1) return; /* if positions were specified you are done */
for(j=1;j<=n;j++)

begin
sum1=0.0;
for(j3=1;j3<=p;j3++) /* loop to calculate error function */

sum1+=alpha[j3]*s[j+p-j3-1];
e[j]=s[j+p-1]-sum1;

end
for(k2=1;k2<=n;k2++)

kp[k2]=1.0;
for(j=1;j<=i;j++)

begin
b[j]=0.0;
for(k=1;k<=n;k++)

begin
if(fabs(*(e+k))>fabs(*(b+j))) then

begin /* loop to calculate the largest i values of */
b[j]=e[k]; /* the error function which define the positions */
pos[j]=k; /* to be used in the next iteration */

end
end

e[pos[j]]=0.0;
kp[pos[j]]=0.0;

end
end
end
}

9.3 Convergence of the Algorithm for the General Case

The assumption in the section 4.3 was that Φ′ at each iteration of the
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algorithm was invertible. There may be applications for the multi-pulse

algorithm where the assumption is not a good one. This is especially

true when a large number of pulses are used in a block of data. This

section is concerned with the specific case where an eigenvalue of Φ′ is

found to be zero. By adding low-level white noise to the speech a new

speech segment will be formed which results in a positive definite Φ′.

Hence the algorithm will attempt to predict a new speech segment which

is arbitrarily close to the original speech segment. The subscript n

will denote that the speech segment is the noisy one. Suppose that t(n)

is a white-noise sequence and a new speech segment is formed as follows

sn(n) = s(n) + t(n) n = 1, . . . , N (3.1)

For the original speech

ϕ′(i, k) =
N∑

n=1
n̸=p1,...,pI

s(n− i) s(n− k) (3.2)

For the noisy speech

ϕ′
n(i, k) =

N∑
n=1

n̸=p1,...,pI

(s(n− i) + t(n− i))(s(n− k) + t(n− k)) (3.3)

Equation (3.3) can be written as

ϕ′
n(i, k) = ϕ′(i, k) +

N∑
n=1

n̸=p1,...,pI

t(n− i)s(n− k) +
N∑

n=1
n̸=p1,...,pI

t(n− k)s(n− i)

+
N∑

n=1
n̸=p1,...,pI

t(n− i)t(n− k)

(3.4)
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But

N∑
n=1

n̸=p1,...,pI

t(n− i)s(n− k) = 0 (3.5)

and

N∑
n=1

n̸=p1,...,pI

t(n− k)s(n− i) = 0 (3.6)

since the white noise is assumed to be uncorrelated with the speech.

Also

N∑
n=1

n̸=p1,...,pI

t(n− i)t(n− k) = σ δ(i− k) (3.7)

with

σ =
N∑

n=1
n̸=p1,...,pI

t2(n) (3.8)

So equation (3.4) can be reduced to

ϕ′
n(i, k) = ϕ′(i, k) + σ δ(i− k) (3.8)

which implies

Φ′
n = Φ′ + σI (3.9)

where I denotes a p× p identity matrix. If λ is an eigenvalue of Φ′ then

there exists an x such that

Φ′x = λx
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and hence

Φ′
nx = (Φ′ + σI)x = Φ′x+ σx = (λ+ σ)x

so (λ + σ) is an eigenvalue of Φ′
n. It is known that λ is greater than

or equal to zero since Φ′ is positive semi-definite. The variance σ is

always greater than zero so the new matrix Φ′
n is positive definite and

the results of the previous section can be used to approximate sn(n).

If σ is very small then sn(n) ≈ s(n). Hence, the parameters chosen to

approximate sn(n) will also approximate s(n). To use the above procedure

it is not necessary to generate white noise and add it to the speech

and from this proceed with the algorithm. Simply proceed with the

algorithm as normal and if a zero eigenvalue is detected replace ϕ(i, i)

with (ϕ(i, i) + σ) and continue. The addition of white noise to the speech

simply shifts the eigenvalues of Φ′ up by σ, the variance of the noise.

Technically σ is not the true "variance" as the summation in equation

(3.8) is not performed over all n. The above initial derivation was

given so that one can understand that shifting the eigenvalues up by a

constant is equivalent to adding white noise to the speech. The value of

σ depends on the application.

This section has given a means of correcting a matrix Φ′ which has a

zero eigenvalue. By using this procedure the algorithm of section 4.3

can be used which is guaranteed to converge.
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